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Abstract
Entanglement in gauge theories is difficult to define because of the issue of a ten-
sor product decomposition of a Hilbert space. We choose centers to define quantities
that quantify the entanglement, and also use quantization algebras and constraints
to analyze the existence of the ambiguities in a system of first-order formulation.
In interacting theories, lattice simulations is required to obtain quantitative be-
haviors of entanglement. Thus, we propose a method to study entanglement with
centers on finite spacing lattice without breaking gauge symmetry. We also un-
derstand the relation between the extended lattice model and boundary condition,
and discuss magnetic choices in the extended lattice model. Then we compute the
entanglement entropy in p-form free theory in 2p + 2 dimensional Euclidean flat
background with a S2p entangling surface, our results support that the ambiguities
in non-gauge theories only affect the regulator dependent terms. The universal
terms of the entanglement entropy in p-form free theories are also determined in
terms of the universal terms in 0-form free theory. We also find a suitable strong
subadditivity in free theories even if we have non-trivial centers. Finally, we dis-
cuss the mutual information with centers in massive scalar field theory with equal
1e-mail address: xingavatar@gmail.com
2e-mail address: yefgst@gmail.com
probability distribution of centers, and in two dimensional conformal field theory
to obtain evidences that mutual information is independent of a choice of centers.
2
1 Introduction
Quantum gravity unites quantum mechanics and classical gravity with ultraviolet com-
pleteness. This theory remains mysterious, but some suitable constraints and principles
possibly help us to approach it. One approach is to count the physical degrees of free-
dom in a system from its thermal entropy. The thermal entropy is defined by the Von
Neumann entropy of the thermal density matrix. To obtain generic understanding for
counting physical degrees of freedom, we also need to consider the entanglement entropy,
defined by the reduced density matrix from a partial trace operation. The entanglement
entropy, which can also be defined at zero temperature helps us to count the physical
degrees of freedom in a subsystem.
One motivation is to find the relationship between the black hole entropy and the
entanglement entropy. This relationship possibly provides some deep insights to under-
stand the black hole. One conjecture is that the one-loop correction black hole entropy
is equivalent to the entanglement entropy of some fields. This conjecture motivates us
to study the entanglement entropy to obtain the black hole entropy. Unfortunately, this
attempt failed in a two dimensional Abelian gauge theory [1]. The two dimensional
Abelian gauge theory is topological and so it does not have dynamics. In other words,
the entanglement entropy vanishes. The black hole entropy is not zero in a covariant
gauge. The difference between the black hole entropy and entanglement entropy is a
contact term, which arises from coordinate singularity. We brought up this example of
entanglement entropy in gauge theories to emphasize the importance of a contact term.
The negative contact term also appears in higher spin theory [2].
A generic approach in the entanglement entropy is to consider operator algebras that
belong to Von Neumann algebra [3,4]. This approach gives a clear understanding of the
connection between a Hilbert space and the entanglement. In this method, we choose
centers, which commute with all operators in a Hilbert space to give a generic definition
of the entanglement. This approach also includes the extended lattice model in the lattice
Yang-Mills gauge theory. The concept of non-tensor product decompositions (explained
below) is previously overlooked because it is not easy to define a partial trace operation.
However, the obstruction in gauge theories motivate us to take this different perspective
to redefine the entanglement. In this new approach, we can define the entanglement from
a partial trace operation in a non-tensor decomposition of a Hilbert space.
1
The use of Von Neumann algebra makes it easier to understand the intrinsic physical
properties of entanglement, which nevertheless remains hard to compute practically. This
problem also arises in many different contexts as it is usually hard to compute a quan-
tity in the operator formalism. However, computation is simplified in the Lagrangian
formalism, in which the choice of center is equivalent to a choice of the boundary [4, 5].
The main goal of this paper is to analyze the entanglement with centers. Usually,
quantum field theory only has trivial center (center being identity), but we can remove
operators to construct non-trivial centers. However, the removing technique is not com-
pletely understood now. Removing operators should modify the theory, and it is not
guaranteed that the entanglement in the new Hilbert space should be the entanglement
in the original Hilbert space. A simple and physical interpretation of removing operators
is that this act is equivalent to making different observation in an entangling surface.
Intuitively, removing operators modifies the decomposition because of the dynamics of
removed operators. Hence, topological field theories should not have a non-tensor prod-
uct decomposition. Our analysis supports this result, and moreover we do not find a
non-tensor product decomposition in the fermion theory either. The analysis of decom-
position only relies on the quantization algebra and constraints. Indeed, the precise form
of the equations of motion determine strength of the entanglement, but not the existence
of ambiguity. To numerically compute the entanglement entropy in an interacting the-
ory, it is often necessary to put the theory on lattice. We propose a method to study
the entanglement entropy with centers in a theory with a finite lattice spacing. In this
approach, we do not break gauge symmetry. On lattice, we also give a simple reason why
the entanglement entropy in the extended lattice model is equivalent to an electric choice
of the entanglement entropy. For the same simple reason, we find it is possible to define
magnetic choices in the extended lattice model in a similar way. There are two different
ways to compute the entanglement entropy with centers. The first way is to consider the
boundary terms [4,5], and the second is to consider a regularization for the zero modes of
the eigenfunction in the heat kernel [6]. The two methods should be equivalent, and give
consistent entanglement entropy from different regularization schemes. We also find that
only gauge theories receive universal contributions from boundary terms (edge modes),
and we further determine the universal terms of the entanglement entropy in p-form free
theory in 2p+2 dimensions in terms of the universal terms of 0-form (scalar) theories in
various dimensions, and also discuss the cases in other dimensions. The universal terms
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of p-form free theory is obtained in this way can be understood as the sum of the contri-
butions from the bulk and the boundary. As in the case of Abelian vector gauge theory,
the sum agrees with the known anomaly coefficients and the bulk part can be reproduced
from the heat kernel on S×H2p+1. We also show that the strong subadditivity is correct
in free theories. Finally, we consider massive scalar field theory with an equal probability
distribution of centers, and two dimensional conformal field theory [7, 8] to support the
conjecture that the mutual information does not depend on centers.
The outline of the paper is as follows. We first review the Von Neumann algebra in the
context of entanglement with centers in Sec. 2, and the Lagrangian formulation for the
entanglement with centers in Sec. 3. We then perform analysis of the decomposition in
two dimensional gauge theory, three dimensional Chern-Simons gauge theory, and fermion
field theories in Sec. 4. We discuss lattice theories in Sec. 5. In Sec. 6, we present the
results of p-form free theory and new understanding of the subtlety in the computation
methods. The strong subadditivity of free theories is also discussed. Computation of
the mutual information with centers is given in Sec. 7. Finally, we conclude in Sec. 8.
We also discuss basis of two dimensional conformal field theory in Appendix A and give
details to computing the Re´nyi entropy of multiple intervals in Appendix B.
2 Review of the Von Neumann Algebra in the En-
tanglement with Centers
We review the entanglement from the algebraic point of view [3,4]. We will particularly
emphasize the role of the Von Neumann algebra, which is generically assumed in quantum
field theory. Now we consider the following operator algebras in two spatial regions (V
and its complement V¯ ) satisfying
AV = A
′
V¯ , AV¯ = A
′
V , (1)
where AV is an algebra in region V and AV¯ is an algebra in region V¯ . We also denote
A′ as the commutant of A. A Von Neumann algebra A satisfies A = A′′. We will assume
the algebras AV , AV¯ are Von Neumann algebra. A tensor product decomposition of a
Hilbert space corresponds to the so-called trivial center, in which case the only operator to
commute with all operators is the identity operator. We should also include non-trivial
3
centers in our discussion without loss of generality. Under the assumption of AV , AV¯
being Von Neumann algebra, the non-trivial centers in a Hilbert space imply that the
Hilbert space has no tensor product decomposition. Most quantum field theory naturally
has a trivial center. To construct non-trivial centers in quantum field theory, we remove
operators in an entangling surface. For example, we can remove momentum operators in
an entangling surface and let position operators become centers. Removing operators or
a choice of centers can possibly be viewed as a choice of measurements in an entangling
surface (see [4] for more discussions). This possibly gives a more general definition to the
entanglement.
We first discuss how to define a reduced density matrix in the presence of non-trivial
centers. First of all, we find a basis to diagonalize the center as
Z ≡


λ11 0 . . . 0
0 λ21 . . . 0
...
...
...
0 0 . . . λm1

 . (2)
The algebra (A ∪A′) is then isomorphic to


A1 ⊗ A′1 0 . . . 0
0 A2 ⊗ A′2 . . . 0
...
...
...
0 0 . . . Am ⊗A′m

 , (3)
and the algebra A also takes a block-diagonal form


A1 0 . . . 0
0 A2 . . . 0
...
...
...
0 0 . . . Am

 . (4)
Therefore, the total Hilbert space (H) is isomorphic to
⊕
k
(
HkV ⊗HkV¯
)
. Although the
decomposition (which we will call non-tensor decomposition henceforth) is not a tensor
product decomposition, it is possible to perform a partial trace operation in each subspace
to define a reduced density matrix [3, 4].
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The reduced density matrix in region V is
TrV¯ ρAV AV¯ = ρAV =


p1ρA1 0 . . . 0
0 p2ρA2 . . . 0
...
...
...
0 0 . . . pmρAm

 , (5)
where TrρAk = 1, pi is the probability for the center being i and TrV¯ denotes the partial
trace over V¯ . The entanglement entropy SEE(A) ≡ −Tr
(
ρA ln ρA
)
is then given by
− Tr(ρA ln ρA) = −∑
k
pk ln pk −
∑
k
Tr
(
pkρAk ln ρAk
)
. (6)
The first term is the classical Shannon entropy and the second term is the average en-
tanglement entropy. If we consider centers with a continuous distribution, the classical
Shannon entropy becomes
−
∫
φ
(
f(φ)∆
)
ln(f(φ)∆) −→ − ln(∆)−
∫
dφ f(φ) ln f(φ), (7)
where we replace pk by f(φ)∆ (∆ for normalization
∫
φ
f(φ)∆ = 1). The classical
Shannon entropy depends on ∆ or the regularization schemes and therefore the en-
tanglement entropy can possibly be negative. The second term in the classical Shan-
non entropy is called the continuous entropy and we use the term continuous entangle-
ment entropy for the combination of this term with the average entanglement entropy.
To avoid the regulator in our computation, we can consider the mutual information
M(A,B) ≡ SEE(A) + SEE(B)− SEE(A ∪ B).
3 Review of the Lagrangian Formulation in the En-
tanglement with Centers
We quickly go through the Lagrangian method for computing the entanglement entropy
with centers, and also review the replica trick and conical method.
3.1 Lagrangian Method
The definition of the entanglement entropy with centers is based on removing operators
in an entangling surface as we remove some operators to let the operators of the center
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commute with all others in an entangling surface. This act of operator removing results
in the suppression of (some) quantum fluctuation in an entangling surface. Hence, we
adopt an on-shell action [4, 5] and consider only quantum fluctuation in the bulk. In
free theories, the bulk and boundary entanglement entropy can be separated as it can
be seen from the Hamiltonian formulation. In interacting theories, boundary fields do
not decouple from bulk fields. However the entanglement entropy in interacting theories
is also in the form of (6) as a sum of the classical Shannon entropy and the average
entanglement entropy, but ρAk generally depends on the value k of centers. A choice of
centers in an entangling surface is translated into a choice of boundary condition in the
Lagrangian method.
3.1.1 Replica Trick and Conical Method
To compute the entanglement entropy, we can use the replica trick or conical method in
a n-sheet manifold. The entanglement entropy is rewritten as
SA = lim
n→1
Tr(ρnA)− 1
1− n = −
∂
∂n
TrρnA
∣∣∣∣
n=1
(8)
using the replica trick. In order to compute TrρnA, we consider n copies
(ρA)φ1+φ1−(ρA)φ2+φ2− · · · (ρA)φn+φn− , (9)
with φi− = φ(i+1)+. Then the path integral representation for Trρ
n
A in the n-sheet mani-
fold is given by
TrρnA = (Z1)
−n
∫
Dφ e−S(φ), (10)
where (Z1)
−n is inserted to normalize the reduced density matrix. The entanglement
entropy from the conical method is given by
SA =
(
1− β ∂
∂β
)
lnZ(β)
∣∣∣∣
β=2π
. (11)
We can see that the two methods are equivalent with the identification of β = 2πn
(Z(β) = Z(2πn) = Z(2π)nTrρnA), and this helps us to define the entanglement entropy
in an infinite dimensional Hilbert space.
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4 Analysis of Decompositions
We study decompositions in a few examples: two dimensional Yang-Mills gauge theory,
three dimensional Chern-Simons theory and fermion theory. We start the analysis with
the quantization algebras and constraints in the Hilbert space.
4.1 Two Dimensional Yang-Mills Gauge Theory
The quantization algebras and constraints in the two dimensional Yang-Mills gauge the-
ory is given by
[Aa1(x), F
b
01(y)] = iδ
abδ(x− y), [Aa1(x), Ab1(y)] = 0, [F a01(x), F b01(y)] = 0, D1F 10,a = 0, (12)
where the Lie algebra indices run from a-z and D is the covariant derivative. The field
strength is defined as F aµν ≡ ∂µAaν − ∂νAaµ + fabcAbµAcν , where we use Greek letters to
denote spacetime indices, and fabc are the structure constants for the gauge group.
We first choose a gauge fixing condition Aa0 = 0, then we have ∂1A
1,a = 0. As
a result, Aa1 only depends on time. In other words, there is no entanglement in two
dimensional gauge theory unless the topology is non-trivial. Even for non-trivial topology,
the Hilbert space of the two dimensional Yang-Mills gauge theory admits a tensor product
decomposition. Thus, we do not have non-trivial centers in the Hilbert space.
4.2 First-Order Formulation
Theories with first-order formulation, e.g. three dimensional Chern-Simons theory and
fermion theories have very special quantization algebras that affect the decomposition of
the Hilbert space.
The quantization algebra and constraint in three dimensional Chern-Simons gauge
theory are given by
[Aa1(x), A
b
2(y)] = δ
abδ(x− y), [Aa1(x), Ab1(y)] = 0, [Aa2(x), Ab2(y)] = 0, F a12 = 0. (13)
We again choose the gauge fixing condition Aa0 = 0 and ∂1A
1,a + ∂2A
2,a = 0. Combining
with the constraint one can see that the gauge field in the entangling surface only depends
on time after one of its component is removed. This implies that we cannot remove
operators to obtain non-trivial centers in three dimensional Chern-Simons gauge theory.
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We can reach the same conclusion via a different route. The only physical operators
in three dimensional Chern-Simons gauge theory is the Wilson loop. For Wilson loops
of contractible cycles, we obtain Fµν = 0. In other words, there are no local operators in
the three dimensional Chern-Simons theory on space with trivial topology. Non-trivial
topology allows a tensor product decomposition of a Hilbert space. Hence, we also get
to the same conclusion.
We also find that the situation of two dimensional Yang-Mills gauge theory is the same
as in the three dimensional Chern-Simons gauge theory. Hence, the possible reason could
be that removing non-dynamical operators does not have any affects on the entanglement.
Finally, we will discuss fermion theory. The quantization algebra is given by
{ψ†i (x), ψj(y)} = −iδijδ(x− y), {ψi(x), ψj(y)} = 0, {ψ†i (x), ψ†j(y)} = 0. (14)
If we remove a fermionic field ψi in an entangling surface, then it appears that ψ
†
i is
also removed. Therefore, we do not seem to have any non-trivial centers in fermion
theories either. This result is mainly due to the particular form of a quantization algebra
in the first order formulation. Hence, we argue that any systems with the first-order
formulation do not have non-trivial centers from removing operators, and we also suspect
that topological theories do not have non-trivial centers.
5 Lattice Entanglement with Centers
The entanglement with non-trivial centers implies the absence of (some) quantum fluctu-
ation in an entangling surface. Now we want to consider the entanglement with centers
in the case of finite lattice spacing. To compute on a lattice, we find a way to formulate
this problem without breaking gauge symmetry. Finally, we also discuss the extended
lattice model and the magnetic choice in the Yang-Mills gauge theory.
5.1 Lattice Scalar Field Theory
The Euclidean action is given by
SS =
∑
x
(
1
2
∂µφ
A
x ∂
µφAx +
1
2
m20φ
A
xφ
A
x +
1
4
λ0(φ
A
xφ
A
x )
2
)
, (15)
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where m0 and λ0 are bare parameters. We set the lattice spacing to 1 and make the
replacement ∂µφ
A
x → φAx+µˆ − φAx . The lattice action is
SLS = −
∑
xµ
φAxφ
A
x+µˆ +
∑
x
(
1
2
(2D +m20)φ
A
xφ
A
x +
1
4
λ0(φ
A
xφ
A
x )
2
)
, (16)
where D is the number of total spacetime dimensions and A is the number of the compo-
nents of the scalar field. For path integration to make sense, we choose positive λ0. To
study the entanglement with centers, we can consider the asymptotic solutions (solutions
near an entangling surface) of
∑
µ
(φAx+µˆ + φ
A
x−µˆ)− (2D +m20)φAx − λ0φAx (φAxφAx ) = 0. (17)
5.2 Lattice Yang-Mills Gauge Theory
The Yang-Mills gauge theory in the Euclidean spacetime is given by
SEYM =
∫
dDx
1
4g2
F aµνF
µνa. (18)
The lattice action is
SLYM = − 1
g2
∑

(
TrU + TrU
†

)
, (19)
where U is the plaquette operator on the spatial plaquette . The Wilson loop at the
leading non-trivial order gives
UµνUνρ = exp(iAα) exp(iAβ) = exp
(
iAα + iAβ +
i
2
[Aα, Aβ] + · · ·
)
, (20)
UρδUδγ = exp(−iA′α) exp(−iA′β) = exp
(
− iA′α − iA′β +
i
2
[Aα, Aβ] + · · ·
)
= exp
(
− iAα − iAβ − i∂βAα + i∂αAβ + i
2
[Aα, Aβ] + · · ·
)
, (21)
UµνUνρUρδUδγ = exp
(
iFαβ + · · ·
)
. (22)
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We denote Fαβ ≡ F aαβT a and Aµ ≡ AaµT a. Hence, the lattice action can return to the
Yang-Mills action in the continuum limit. The gauge transformation on the lattice is
Uµν → Ω†UµνΩ (23)
and so the link field Uµν transforms homogeneously. The lattice covariant derivative is
Dµψx = Ux,x+µˆψx+µˆ − ψx. (24)
The covariant derivative in
Cµν = i
(
Ux,x+µˆUx+µˆ,x+µˆ+νˆ − Ux,x+νˆUx+νˆ,x+µˆ+νˆ
)
, (25)
gives DµFµν in the continuum limit. We notice that DµCµν also transforms homoge-
neously. Hence, we can study the asymptotic solutions of DµCµν = 0 to compute the
entanglement entropy with centers. In the lattice Yang-Mills gauge theory, we need to
concern more about the decompositions because we have the link field. All the centers
can be included from the asymptotic solutions. Therefore, we can compute quantities
related to the entanglement in a lattice model without breaking gauge symmetry.
5.3 Solving Asymptotic Solutions on Lattice
If we compute the entanglement entropy with centers on a lattice, we should have classical
solutions on the lattice with certain boundary conditions. This problem is not hard to
solve, provided that a solution f(x) is already known in the continuous space. The lattice
solutions can be obtained from the following rewriting
f(x)→ f
[
L
2π
sin(
2πx
L
)
]
, (26)
where L is the lattice size. When the lattice size goes to infinity, we can recover the
asymptotic solutions in continuous space from the asymptotic solutions on lattice. After
we obtain the asymptotic solutions, we can use the replica trick to compute the entan-
glement entropy on lattice as [9]. If we have two regions A and B sharing the same
boundary and we want to trace over A, then the region B has n cuts when we do the
replica trick. If we consider the electric choice or other suitable choices in gauge theories,
then defining a suitable common boundary between regions A and B is possible.
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5.4 Comments on the Extended Lattice Model and a Magnetic
Choice
In the extended lattice model, some spatial link variables are products of two spatial link
variables. This is equivalent to cutting a link into two links. The entanglement entropy in
the extended lattice model is equivalent to the electric choice of the entanglement entropy.
We can show that the expectation values of all original operators are unchanged in the
extended lattice model, and the link operators or electric fields on boundary commute
with the reduced density matrix [3, 4, 10]. Then we can prove that the entanglement
entropy in the extended lattice model is that of the electric choice. Although we increase
degrees of freedom by adding new vertices in the entangling surface, we do not add any
new spatial Wilson loops in the entangling surface. Thus, center consists of electric
fields in the lattice Yang-Mills gauge theory. We can also think that the extended lattice
model is equivalent to putting a boundary condition in the entangling surface to define
the entanglement entropy.
A tensor product decomposition of the Hilbert space in the lattice Yang-Mills gauge
theory is difficult because of the spatial Wilson loops. Thus, removing spatial Wilson
loops is a simple way to define the entanglement entropy. From the method of the
extended lattice model, we find a similar way to define the magnetic center. Because
the difficulties in defining the entanglement entropy come from spatial Wilson loops,
which mix the two Hilbert spaces, we can add new spatial Wilson loops and do not add
new electric fields in the entangling surface to give a way of clear cutting of the Hilbert
space. Thus, we can define a magnetic choice of the entanglement entropy in the lattice
Yang-Mills gauge theory.
6 The Entanglement with Centers in a p-Form Free
Theory
We move on to the entanglement with centers in a p-form free theory. From our com-
putation, we can gain some insights to two problems. The first is whether we can get
contribution to the universal term of the entanglement entropy from the boundary terms
of the on-shell action in theories other than gauge theory. The second question is whether
introducing boundary terms is equivalent to doing regularization for the zero-modes of
11
the cone directions. Since only free theories are considered, we will separately discuss
bulk entanglement and boundary entanglement. In free theories, we find a suitable form
of strong subadditivity with centers. We first review the results of the boundary entan-
glement entropy in the Abelian one-form gauge theory [5]. Then we extend the study
to massive free scalar field and p-form gauge theories. Finally, we discuss the strong
subadditivity in free theories.
6.1 Review of Boundary Entanglement Entropy in the Abelian
One-Form Gauge Theory
The action for the Abelian one-form gauge theory in the Euclidean spacetime is given by
SEAOG =
1
4
∫
dDx
√
det gρσ FµνF
µν , (27)
where gµν is the metric field, Fµν ≡ ∇µAν − ∇νAµ and ∇µ is the covariant derivative.
When computing the entanglement entropy with non-trivial centers, we need to choose a
classical (in the sense of no fluctuation) entangling surface. Here, we do not include the
gauge fixing and ghost terms because these terms are not relevant for finding the on-sell
boundary action. We split the one-form gauge field as Aµ = A
CL
µ + A
Q
µ , where A
CL
µ is a
classical solution which is compatible with a boundary condition, and AQµ is the quantum
fluctuation which vanishes in the entangling surface. The action is
SEAOG =
1
4
∫
dDx
√
det gρσ FµνF
µν
=
1
2
∫
dDx
√
det gρσ
(
∇µAν∇µAν −∇µAν∇νAµ
)
=
1
2
∫
dDx
√
det gρσ
(
∇µACLν ∇µACLν −∇µACLν ∇νACLµ
+∇µAQν ∇µACLν +∇µACLν ∇µAQν −∇µAQν ∇νACLµ −∇µACLν ∇νAQµ
+∇µAQν ∇µAQν −∇µAQν ∇νAQµ
)
=
1
2
∫
dDx
√
det gρσ
(
∇µACLν ∇µACLν −∇µACLν ∇νACLµ +∇µAQν ∇µAQν
−∇µAQν∇νAQµ
)
, (28)
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where we used ∇µgνρ = 0, ∇µFCLµν = 0, FCLµν ≡ ∇µACLν − ∇νACLµ , nˆν′ and ∇µV µ =(
1/
√
det gνρ
)
∂µ
(√
det gσδV
µ
)
. The action can be rewritten with a boundary term as
1
2
∫
dDx
√
det gρσ
(
∇µACLν ∇µACLν −∇µACLν ∇νACLµ +∇µAQν ∇µAQν −∇µAQν ∇νAQµ
)
=
1
2
∫
dDx
√
det gρσ
(
− ACLν ∇µ∇µACLν + ACLν ∇µ∇νACLµ −AQν ∇µ∇µAQν + AQν∇µ∇νAQµ
)
+
1
2
∫
dD−1x nˆµ′
√
det hρ′σ′
(
ACLν′ F
CLµ′ν′
)
=
1
2
∫
dDx
√
det gρσ
(
− AQν∇µ∇µAQν + AQν ∇µ∇νAQµ
)
+
1
2
∫
dD−1x nˆµ′
√
det hρ′σ′
(
ACLν′ F
CLµ′ν′
)
, (29)
where nˆν′ is the unit normal vector, and the induced metric hµ′ν′ is defined as
ds2 = gµνdx
µdxν = gµν
∂xµ
∂xµ′
∂xν
∂xν′
dxµ
′
dxν
′ ≡ hµ′ν′dxµ′dxν′ . (30)
We denote the boundary spacetime using the Greek indices with primes. Now we compute
the boundary on-shell action. We first find an asymptotic solution. The metric is
ds2 = dr2 + r2dθ2 + dx2⊥, (31)
where the period of θ is β, and x⊥ is the orthogonal coordinates. We choose
ACLθ =
∑
n′
φn′(r)ψn′(x⊥), (32)
where ∫
x⊥
ψm′ψn′ = δm′n′ , ∇2ψn′(x⊥) = −λn′ψn′(x⊥). (33)
The equation of motion is ∇µFCLµν = ∂µFCLµν + ΓµµρFCLρν = 0 and we also have
Γµνρ ≡ 1
2
gµσ(∂ρgσν + ∂νgσρ − ∂σgνρ), (34)
Γrθθ = −r, Γθrθ = 1
r
. (35)
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We need to solve three equations. The first one near the boundary is ∂θF
CLθr = 0, the
second one near the boundary is ∂θF
CLθx⊥ + ∂rF
CLrx⊥ = 0 and the final one near the
boundary is ∂rF
CLrθ+ 1
r
FCLrθ+∂x⊥F
CLx⊥θ = 0. Because our classical field strength does
not depend on θ near the boundary, the first equation will be satisfied. Due to F rx⊥ = 0
near the boundary, the second equation will also be satisfied. Hence, we only need to
consider the last equation, which gives
∑
n′
∂r
(
1
r2
∂rφn′
)
ψn′ +
1
r3
∂rφn′ψn′ +
1
r2
φn′∇2ψn′
=
∑
n′
(
− 1
r3
∂rφn′ +
1
r2
∂2rφn′
)
ψn′ − 1
r2
φn′λn′ψn′ = 0. (36)
Now we rewrite the equation above as
d2
dr2
φn′ − 1
r
d
dr
φn′ − λn′φn′ = 0. (37)
We then choose φn′ ≈ an′ + bn′r2 ln r near the boundary. The computation is given by
d
dr
φn′ = bn′(2r ln r + r),
d2
dr2
φn′ = 2bn′ ln r + 3bn′ , −1
r
d
dr
φn′ = −2bn′ ln r − bn′ ,
λn′φn′ = λn′an′ + λn′bn′r
2 ln r.
Thus, we obtain
2bn′ − λn′an′ − λn′bn′r2 ln r = 0 (38)
near the boundary. We set boundary at r = 0 and so we get 2bn′ = λn′an′ near the
boundary. Now we define an electric field in terms of n′ near boundary as
FCLθr ∼ 1
r2
FCLθr = −
1
r2
∑
n′
∂rφn′ψn′ , (39)
En′ ≡ −1
r
∂rφn′
∣∣
r=ǫ→0
= −bn′
r
(2r ln r + r)
∣∣
r=ǫ→0
∼ 2bn′ ln(ǫ−1), (40)
ECB ≡ FCLθr = 1
r
∑
n′
En′ψn′ . (41)
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We determine φn′ in terms of En′ as
φn′
∣∣
r=ǫ→0
= an′ =
2bn′
λn′
∼ En′
λn′ ln ǫ−1
. (42)
Hence, we compute the on-shell boundary action as
1
2
∫
dD−1x nˆν′
√
det hρ′σ′
(
ACLν′ F
CLµ′ν′
)
= −1
2
∫
dθdD−2x⊥
∑
n′1
φn′1ψn′1
∑
n′2
En′2ψn′2
= −1
2
∫
dθ
∑
n′
φn′En′ ∼ −
∑
n′
βE2n′
2λn′ ln ǫ−1
. (43)
We note that that if λn′ = 0, the on-shell action vanishes because En′ = 0. Our measure
is defined as ∫
DAµ ∼
∫
DAQµDA
CL
ν ∼
∫
DAQµDEn′. (44)
Because the boundary field does not couple to the bulk field, the partition function can
be obtained from the product of the partition function of the bulk field and that of
the boundary field. In the one-form Abelian gauge theory, the partition function of the
boundary field is given by
ZBOAG ∼ Πn′′
(
− ln(ǫ
−1)λn′′
β
) 1
2
= det ′
(
ln(ǫ−1)∇2x⊥
β
) 1
2
, (45)
where we exclude the modes with λn′′ = 0 and the operation det
′ only has product
of non-zero eigenvalues. Then we can use the conical method to obtain the boundary
entanglement entropy in the Abelian one-form gauge theory.
6.2 Boundary Entanglement Entropy in the Massive Free Scalar
Field Theory
We use a similar method to analyze an on-shell boundary action in the massive free scalar
field theory. The equation of motion is
(
∇µ∇µ +m2
)
φ = 0, (46)
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and we solve the equations of motion in the metric
ds2 = dr2 + r2dθ2 + dx2⊥. (47)
The form of the solution is
φ =
∑
n′
φn′(r)ψn′(x⊥), (48)
where
∇2ψn′(x⊥) = −λn′ψn′(x⊥). (49)
Plugging the solution into the equation of motion, we get
∑
n′
[(
∂r∂
rφn′(r)
)
ψn′ + φn′(r)∂
2
x⊥
ψn′ + Γ
θ
θr∂
rφn′ψn′(x⊥)
]
+m2φ
=
∑
n′
(
∂2rφn′ − λn′φn′ +
1
r
∂rφn′
)
ψn′ +m
2φ
=
∑
n′
(
∂2rφn′ +
1
r
∂rφn′ − λn′φn′
)
ψn′ +m
2φ = 0. (50)
Hence, the equation for φn′ follows as
∂2rφn′ +
1
r
∂rφn′ + (m
2 − λn′)φn′ = 0. (51)
Because the entangling surface is set at r = 0 and φ should not be singular near the
entangling surface, the asymptotic behavior follows from
2∂2rφn′ + (m
2 − λn′)φn′ = 0, (52)
where we assumed that ∂rφn ∼ 0 near the entangling surface to avoid the singularity.
Thus, the solution near the entangling surface is given by
φn ∼ an cos
(√
1
2
(m2 − λn)r
)
, (53)
where an are arbitrary constants.
This result is interesting because it implies that the universal term of the entanglement
entropy does not receive contributions from the on-shell boundary term in the case of
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massive free scalar field theory with planar entangling surface because ∂rφn ∼ 0 near the
boundary. The ambiguities still persist in this case although we do not find universal
contributions of the entanglement entropy from the boundary on-shell action. In this case,
all values of centers have the same weight. Thus, the non-tensor product decomposition or
the non-trivial centers in the massive free scalar field theory do not lead to any universal
contributions. We also give a quick comment on the interacting scalar field theories (local
interaction). If we use the same method to analyze an interacting scalar field theory, then
we still have ∂rφn ∼ 0 near the entangling surface. Thus, the result is the same as in the
massive free scalar field theory. In other words, the non-tensor product decompositions of
the Hilbert space in scalar field theories possibly do not give any interesting results. We
already showed that the fermion theories do not have non-trivial centers from removing
operators. Hence, it is possible that gauge symmetry connects bulk and boundary sides
to allow a universal contribution to the entanglement entropy from the on-shell boundary
action in gauge theories.
6.3 Boundary Entanglement Entropy in the Abelian p-Form
Gauge Theory
We generalize the computation of the Abelian one-form gauge theory to the case of the
Abelian p-form gauge theory. The equation of motion in the Abelian p-form gauge theory
is
∇µ1F µ1µ2···µp+1 = 0. (54)
As before, we also look for the asymptotic solution of the equation of motion. To analyze
the asymptotic behavior of the equation of motion more easily, we choose
Aθx⊥ =
∑
n′
φn′(r)ψn′(x⊥), (55)
where ∇2x⊥ψn′ = −λn′ψn′, and other components are zero, and Aθx⊥ is a p-form field,
where x⊥ indicate the multiple indices for the transverse space. The equation of motion
reads
∇µ1F µ1µ2···µp+1 = ∂µ1F µ1µ2···µp+1 + Γµ1νµ1F νµ2µ3···µp+1 = 0, (56)
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when p > 0. The non-trivial part of the equation of motion gives
∂rF
rθx⊥ + ∂x′
⊥
F x
′
⊥
θx⊥ + ΓθrθF
rθx⊥ = 0. (57)
Hence, we get
∑
n′
[
∂r
(
1
r2
∂rφn′
)
+
1
r3
∂rφn′ − 1
r2
λn′φn′
]
ψn′ = 0. (58)
Therefore, we obtain
∂2rφn′ −
1
r
∂rφn′ − λn′φn′ = 0. (59)
Thus, the boundary partition function of the p-form free theories is
ZBOPAG ∼ Πn′′
(
− ln(ǫ
−1)λn′′
β
) 1
2
= det ′
(
ln(ǫ−1)∇2x⊥
β
) 1
2
, (60)
where as before we exclude λn′′ = 0 in the product. The partition function can give the
boundary entanglement entropy via the conical method.
6.4 Bulk Entanglement Entropy in the Massive Free Scalar
Field Theory
We use the conical method to compute the entanglement entropy as
SEE =
(
1− β ∂
∂β
)
lnZ(β)
∣∣∣∣
β=2π
. (61)
Thus, the entanglement entropy is obtained from the partition function. The Lagrangian
of the free scalar field theory is
SSF =
∫
dDx
√
det gνρ
(
1
2
∇µφ∇µφ+ m
2
2
φ2
)
. (62)
The bulk term of the action after dropping all the boundary terms is
∫
dDx
√
det gνρ
[
1
2
φ
(
−∇µ∇µ +m2
)
φ
]
. (63)
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Hence, the partition function in bulk is determined by
(
det
(−+m2)
)− 1
2
, (64)
up to a normalization constant. Thus, the free energy of the free scalar field theory is
1
2
ln det
(−+m2) ∼ −1
2
∫
dDx
√
det gµν
∫ ∞
ǫ2
ds
s
e−sm
2
K(s, x, x), (65)
where
K(s, x, x′) =< x | e−s(−) | x′ > . (66)
We used the following formula
ln
(
detW
)
= Tr ln(W ) ∼ −
∫ ∞
0
ds
s
Tr
(
e−sW
)
, (67)
where W is a hermitian operator. The formula can be proved as
− ∂
∂a
∫ ∞
0
ds
s
e−as =
∫ ∞
0
ds e−as =
1
a
⇒ −
∫ ∞
0
ds
s
e−as ∼ ln a. (68)
After we compute the bulk free energy, we can obtain the bulk entanglement entropy
from the conical method.
6.5 Bulk Entanglement Entropy in the Abelian p-From Gauge
Theory
We start by discussing the Abelian one-form gauge theory, and then we generalize the
results to the Abelian p-form gauge theory. The action of the Abelian one-form gauge
theory is given by
SAOG =
∫
dDx
√
det gρσ
(
1
4
FµνF
µν +
1
2
(∇µAµ)2 − c¯c
)
, (69)
where we introduce the gauge fixing term and the ghost field. Although the ghost field
does not couple with the gauge field, it couples to the metric. Hence, the ghost field
should affect the results of the entanglement entropy. The bulk action is∫
dDx
√
det gρσ
(
− 1
2
Aµ
(
gµν+ [∇µ,∇ν ]
)
Aν − c¯c
)
. (70)
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The free energy in the bulk is given by
1
2
ln det
(− gµν− [∇µ,∇ν ])− ln det(−). (71)
To compute the free energy, we introduce a complete basis φn as
−φn = λnφn. (72)
Then we can define the scalar heat kernel as
Ks(s, x, y) =
∑
n
e−sλnφn(x)φn(y). (73)
We also introduce a complete set of eigenfunctions as
(− gµν− [∇µ,∇ν ])Aνn = λnAn,µ. (74)
Then the one-form gauge heat kernel is defined as
Kog(s, x, y)µν =
∑
n
e−sλnAµ,n(x)Aν,n(y). (75)
The scalar eigenfunctions can be used to express the one-form gauge eigenfunctions as
ALµ′,n =
1√
λ′n
∇µ′φn, ATµ′,n =
1√
λ′n
ǫµ′ν′∇ν′φn, Aµ′,n = ALµ′,n + ATµ′,n, (76)
and the other components of the one-form gauge eigenfunctions are identified as scalar
eigenfunctions directly. We use µ′ to denote directions of a two dimensional cone. We
define λ′n as
−∇µ′∇µ′φn = λ′nφn. (77)
Therefore, we obtain
Kog(s, x, x)
µ
µ =
∑
n
(
e−sλn
λ′n
(
2∇µ′φn∇µ′φn
))
+
∑
n, λn 6=λ′n
(D − 2)e−sλnφ2n
=
∑
n
[
e−sλn
λ′n
(
− 2φn∇µ′∇µ′φn + 2∇µ′
(
φn∇µ′φn
))]
+
∑
n, λn 6=λ′n
(D − 2)e−sλnφ2n
=
∑
n
e−sλn
(
2φ2n +
∇µ′∇µ′(φ2n)
λ′n
)
+
∑
n, λn 6=λ′n
(D − 2)e−sλnφ2n
= 2Ks(s, x, x) + (D − 2)K ′s(s, x, x) +
∑
n
e−sλn
λ′n
∇µ′∇µ′(φ2n), (78)
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where K ′s is the heat kernel that does not include the zero modes of the transverse
directions (a unit sphere). When we consider the four dimensional one-form Abelian
gauge theory in the Euclidean flat background with a S2 entangling surface, the zero
mode of transverse directions should not have any contributions to the entanglement.
Because ∇ · ~E = ∇ · ~B = 0, where ~E is the electric field and ~B is the magnetic field, we
have
∂El=0
∂r
+
2
r
El=0 =
∂Bl=0
∂r
+
2
r
Bl=0 = 0, (79)
where El=0 is the electric field for the zero mode in transverse directions and Bl=0 is
the magnetic field for the zero mode of transverse directions. As a result, we need zero
electric and magnetic fields in order to have finite energy. This then implies that the zero
mode in transverse directions does not give universal contributions to the entanglement
entropy. In other words, we cannot naively use scalar field to replace one-form Abelian
gauge field due to the over-counting of the zero mode in the transverse directions [11].
The free energy is given by
−1
2
∫ ∞
ǫ2
ds
e−m
′2s
s
∫
dDx
√
det gνρ
(
Kog(s, x, x)
µ
µ − 2Ks(s, x, x)
)
= −1
2
∫ ∞
ǫ2
ds
e−m
′2s
s
∫
dDx
√
det gµν
(
(D − 2)K ′s(s, x, x) +
∑
n
e−sλn
λ′n
∇µ′∇µ′(φ2n)
)
,
(80)
where m′ is an infrared regulator. The second term in the last equality is dominant for
the zero modes of two dimensional cone directions and this term is also a total derivative
term. Thus, the second term in the last equality should correspond to the boundary
entanglement entropy.
Now we extend the computation of the entanglement entropy to the p-form free theory.
We first discuss how to introduce ghost [12] to compute the partition function of bulk
fields in the p-form free theory. The action for the p-form theory is
1
2(p+ 1)!
(H,H), (81)
where H = dB, H is the field strength associated with the p-form field B, and the inner
product between two p-forms in D dimensions is defined as
(α, β) ≡
∫
dDx
[
det(gµν)
] 1
2αµ1µ2···µpβµ1µ2···µp . (82)
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We can define the adjoint operator for differential d using the inner product (when
neglecting the boundary term)
(α, dβ) ≡ −(δα, β), (83)
where
δα = ∇µ1αµ1µ2···µpdxµ2 ∧ dxµ2 ∧ · · · dxµp . (84)
The operators δ and d also satisfy
d2 = δ2 = 0. (85)
The generalization of the Laplacian in the p-form free theory is defined as
p ≡ dδ + δd. (86)
Thus, the action in the p-form free theory without considering a boundary term can be
rewritten as
1
2(p+ 1)!
(dB, dB) = − 1
2(p+ 1)!
(B, δdB) = − 1
2(p+ 1)!
(
B, (δd+ dδ)B
)
+
1
2(p+ 1)!
(B, dδB),
= − 1
2(p+ 1)!
(B,pB)− 1
2(p+ 1)!
(δB, δB). (87)
Then we introduce a gauge fixing term as
1
2(p+ 1)!
(δB, δB) (88)
and a ghost action as
− 1
2p!
(dG,pdG) = − 1
2p!
(dG, dδdG) =
1
2p!
(G, δdδdG)
=
1
2p!
(
G, (δdδd+ dδdδ)G
)− 1
2p!
(G, dδdδG)
=
1
2p!
(G,2p−1G) +
1
2p!
(δG, δdδG)
=
1
2p!
(G,2p−1G) +
1
2p!
(δG,p−2δG). (89)
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Because the (p− 1)-form ghost field also has its own gauge symmetry, we need to choose
an additional gauge fixing term
− 1
2p!
(δG,p−2δG) (90)
and a ghost action
1
2(p− 1)!(dG˜,
2
p−1dG˜), (91)
where G˜ is a commuting field to remove the non-physical degrees of freedom. It is
necessary to continue the procedure until we encounter a ghost field that is a zero-form
field, which does not have gauge symmetry. We would also like to remind the reader
that ghost fields are commuting when they are (p− 2j)-from fields and anti-commuting
in other cases. In summary, the action for the p-from free theory is
Sp =
1
2
p∑
j=0
(−1)j+1
(p+ 1− j)!(Ap−j,
j+1
p−jAp−j), (92)
where we use Ap to denote the p-form gauge field and all the ghost fields, and Ap−j
is commuting when j is an even non-negative integers while anti-commuting for odd j.
Hence, the bulk partition function for the p-form free theory is determined as
p∏
j=0
det
(
(−1)j+1
(
j+1
2
)
(−1)
(j+1)
p−j
)
, (93)
and we can use the heat kernels to rewrite the bulk partition function as
− 1
2
∫ ∞
ǫ2
ds
e−m
′2s
s
∫
dDx
√
det gµν Tr
(
Kp(s, x, x)− 2Kp−1(s, x, x) + · · ·+ (−1)ppK0
)
,
(94)
where Kp is defined as
Kp−j(s, x, x
′) =
〈
x
∣∣∣∣e
−s
(
(−1)j+1
(
j+1
2
)
(−1)(j+1)
(p−j)
)∣∣∣∣x′
〉
. (95)
Computation of the entanglement entropy with a boundary term is equivalent to
computation of the entanglement entropy considering regularization of the zero mode of
two dimensional cone directions [1].
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6.6 Universal Term of the Entanglement Entropy
We discuss the universal term of the entanglement entropy in the p-form free theory. We
compute the entanglement entropy in the Euclidean flat background with a S2p entangling
surface. In this case the universal term of the entanglement entropy can be expressed
in terms of the universal terms of massless free scalar field theories in various different
dimensions. We also give the results for the universal terms of the entanglement entropy
in the case of the p-form free theory in p+ 1 and p+ 2 dimensions.
We first show that the computation of the entanglement entropy in the Euclidean
polar coordinate with an entangling surface SD−2 is equivalent to the case of SD with a
unit radius in a conformal field theory [13]. The Euclidean polar coordinate is
ds2 = dt2 + dr2 + r2dΩ2D−2, (96)
where ΩD−2 is the solid angle, and the entangling surface is at r = R and t = 0. We use
the coordinate transformation
t = R
sin
(
τ
R
)
cosh
(
u
)
+ cos
(
τ
R
) , r = R sinh
(
u
)
cosh
(
u
)
+ cos
(
τ
R
) ,
0 ≤ u <∞, 0 ≤ τ
R
< 2πn for the n-sheet manifold, (97)
which gives
dt =
(
1 + cos
(
τ
R
)
cosh
(
u
))
dτ
(
cosh
(
u) + cos
(
τ
R
))2 −
R sin
(
τ
R
)
sinh
(
u
)
du(
cosh
(
u
)
+ cos
(
τ
R
))2 ,
dρ =
R
(
1 + cos
(
τ
R
)
cosh
(
u
))
du
(
cosh
(
u) + cos
(
τ
R
))2 +
sin
(
τ
R
)
sinh
(
u
)
dτ(
cosh
(
u
)
+ cos
(
τ
R
))2 ,
dt2 + dρ2 =
dτ 2(
cosh2
(
u
)
+ cos2
(
τ
R
))2 +R2
du2(
cosh2
(
u
)
+ cos2
(
τ
R
))2 ,
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and then we obtain the metric in the new coordinate as
ds2 =
dτ 2(
cosh2
(
u
)
+ cos2
(
τ
R
))2 +R2
du2(
cosh2
(
u
)
+ cos2
(
τ
R
))2
+R2
sinh2
(
u
)
dΩ2D−2(
cosh2
(
u
)
+ cos2
(
τ
R
))2 .
(98)
In a conformal field theory, we can omit the common pre-factor and the new metric
becomes
ds21 =
dτ 2
R2
+ du2 + sinh2
(
u
)
dΩ2D−2. (99)
Then we redefine sinh
(
u
)
= tan
(
θ
)
, where 0 ≤ θ < π/2 and get
ds22 =
dτ 2
R2
+
dθ2
cos2
(
θ
) + tan2 (θ)dΩ2D−2, (100)
where we used
du2 =
dθ2
cos2
(
θ
) . (101)
In conformal field theory, we can omit the pre-factor and get
ds23 = dθ
2 + cos2
(
θ
)dτ 2
R2
+ sin2
(
θ
)
dΩ2D−2. (102)
Then we can also relate the sphere to a product geometry of two dimensional cone and
unit sphere near the entangling surface (θ → π/2) from conformal mapping as
ds24 =
1
sin2(θ)
dθ2 +
cos2(θ)
sin2(θ)
dτ 2
R2
+ dΩ2D−2, r =
cos(θ)
sin(θ)
,
ds24 = sin
2(θ)dr2 + r2
dτ 2
R2
+ dΩ2D−2,
ds24 → dr2 + r2
dτ 2
R2
+ dΩ2D−2, θ →
π
2
. (103)
This implies that we can introduce a two dimensional cone and set boundary condition
on the cone to compute the boundary entanglement entropy on a sphere. Thus, we can
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identify the universal term of the partition function on a sphere and that of the entan-
glement entropy across a spherical entangling surface in the Euclidean flat space. When
we use a sphere or a regularized cone to compute the entanglement entropy, there is no
boundary term, but the effects of the boundary term will appear from the regularization.
To obtain the universal term of the entanglement entropy in the p-form free theory
in 2p + 2 dimensions, we need to rewrite the heat kernel of the p-form theory in terms
of those of theories of lower forms. Because the p-form field has (p − 1)-form gauge
parameter, we need to cancel the degrees of freedom of (p− 1)-form degrees of freedom.
The (p − 1)-form field also has its own gauge symmetry and so we also need to cancel
(p − 2)-form degrees of freedom. The procedure continues until we meet scalar fields.
Therefore, we obtain
2K2p+2p−1 − 3K2p+2p−2 + · · ·+ (−1)p(p+ 1)K2p+20 + C2pp K2p+20 (104)
from K2p+2p in the bulk up to zero modes, where K
q
p is the heat kernel of p-from on S
q.
The contributions of the ghost fields in the bulk are
− 2K2p+2p−1 + 3K2p+2p−2 + · · ·+ (−1)p+1(p+ 1)K2p+20 . (105)
We need to subtract the zero modes of two dimensional cone directions, which come from
the boundary terms, and zero modes of the transverse directions. Eventually, we get
− 2C2p−2p−1 K2p0 + 3C2p−4p−2 K2p−20 + · · ·+ (−1)p(p+ 1)K20 . (106)
Thus, the universal term of entanglement entropy in the p-form free theory in 2p + 2
dimensions can be written as
C2pp K
2p+2
0 − 2C2p−2p−1 K2p0 + · · ·+ (−1)p(p+ 1)K20 . (107)
Therefore, we can use the universal terms of entanglement entropy in massless free scalar
field theory in various dimensions to determine the universal term of entanglement en-
tropy in p-from free theory in 2p+2 dimensions. The universal terms of the entanglement
entropy in massless free scalar field theories on even spheres can be found in [14]. The
boundary contributions of the universal terms are of opposite sign to the universal terms
of (p− 1)-form free theory on S2p. Thus, we can also determine universal terms of bulk
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entanglement entropy in p-form free theory in 2p+ 2 dimensions as
C2pp K
2p+2
0 −
(
universal terms of (p− 1)-form free theory on S2p
)
−
(
universal terms of (p− 2)-form free theory on S2p−2
)
. (108)
The universal terms of entanglement entropy (107) is also consistent with the known
anomaly coefficients [15] (see also e.g. [16] for the computation of the bulk part).
From our computation methods, it is very easy to determine the universal terms of the
entanglement entropy of the p-form free theory in p+1 and p+2 dimensions. In the case
of p + 1 dimensions, we do not have dynamical degrees of freedom. Thus the universal
term should vanish. In the case of p-from free theory in p + 2 dimensions, the universal
term of the boundary entanglement entropy should be determined from the (p− 1)-from
in p dimensions. Hence the universal term of the boundary entanglement entropy should
vanish for the p-form free theory in p + 2 dimensions. Then the p-form free theory in
p+2 dimensions can dual to 0-form free theory in p+2 dimensions. Therefore, we know
that the universal terms of the entanglement entropy of the p-form free theory in p + 2
dimensions can be the same as that of the 0-form free theory in p+ 2 dimensions.
6.7 Strong Subadditivity in Free Theories
We discuss the strong subadditivity [17] in this section. The strong subadditivity is
satisfied generically if the centers include only the identity. In the case of non-trivial
centers, the strong subadditivity is not satisfied generically [4, 18]. In the case of free
scalar field theory, the centers have equal probability distribution. Then it is easy to show
that the strong subadditivity holds in free scalar field theory. Even if we consider equal
probability distribution in an interacting scalar field theory, the strong subadditivity may
not hold. We wonder whether it is possible to define a suitable strong subadditivitty in
free theories.
We first use
Tr
(
A lnA− A lnB − A+B
)
≥ 0 (109)
with A = ρ123 and B = exp(− ln ρ2 + ln ρ12 + ln ρ23) to find
F (ρ123) = S123 + S2 − S12 − S23 ≤ Tr
(
exp(ln ρ12 − ln ρ2 + ln ρ23)− ρ123
)
, (110)
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and apply
Tr
(
eCTexp(−A)
(
eB
)) ≥ Tr
(
eA+B+C
)
, (111)
where
d
dx
ln(α + xβ)|x=0 ≡ Tα(β) ≡
∫ ∞
0
dy (α + y1)−1β(α+ y1)−1, (112)
to obtain
Tr
(
exp(lnC − lnD + lnE)
)
≤ Tr
(∫ ∞
0
dx C(D + x1)−1E(D + x1)−1
)
. (113)
Hence, we get
F (ρ123) ≤ Tr
(
− ρ123 +
∫ ∞
0
dx ρ12(ρ2 + x1)
−1ρ23(ρ2 + x1)
−1
)
= −Tr ρ123 + Tr
(∫ ∞
0
dx ρ2(ρ2 + x1)
−1ρ2(ρ2 + x1)
−1
)
= Tr ρ2 − Tr ρ123 = 0 (114)
where we use C = ρ12, D = ρ2 and E = ρ23. The reduced density matrix is ρ = ⊕ipiρi,
where pi is the probability distribution of centers and ρi depends on the choice of centers.
But if we only focus on free theories, each ρi gives the same entanglement entropy. In
free theories, we can use a reduced density matrix with a probability distribution of
centers to describe the entanglement in different regions. Thus, we can show that the
strong subadditivity remains valid in free theories. The proof cannot not be extended to
interacting theories because it is hard to use a reduced density matrix with a probability
distribution of centers to describe entanglement in different regions.
The above proof shows that we also have the strong subadditivity in the Abelian gauge
theory. But if we consider the Abelian gauge theory on a lattice, then the entanglement
in this theory is hard to be described by a reduced density matrix with a probability
distribution. Therefore, the strong subadditivity is not satisfied generically [18] in the
case of finite lattice spacing. The violation of the strong subadditivity in the lattice
Abelian gauge theory is not in contradiction with the result in the continuum limit
above. This is not surprising because we expect that the long-range entanglement does
not depend on centers if we consider continuum limit. In the continuum limit, we also
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need to define the entanglement entropy from the same total Hilbert space. Otherwise,
the strong subadditivity is not satisfied.
Finally, we rewrite the strong subadditivity in a different form. From S123 = S4 and
S12 = S34, the strong subadditivity is
S4 + S2 ≤ S34 + S23. (115)
Hence, we can rewrite the strong subadditivity as
S1 + S2 ≤ S13 + S23. (116)
We remind the reader that the strong subadditivity is satisfied due to the fact that the
entanglement entropy is the sum of the bulk entanglement entropy and classical Shannon
entropy. Thus, this proof cannot be extended to interacting theories in general.
7 Mutual Information with Centers
The entanglement entropy with centers is not a physical quantity and it also depends on
the centers. Hence, we want to find a physical quantity, which can be measured from
experiments. If this quantity does not depend on centers, it implies that the measurement
is free from ambiguities. A candidate of this quantity is the mutual information. We
consider massive free scalar field theory, and two dimensional conformal field theory. To
analyze the effects of centers in the mutual information, we consider disjoint regions and a
tensor product decomposition of the Hilbert space, but we create the non-trivial centers
by removing some operators in each region. We consider planar case in free massive
scalar field theory to show that the mutual information does not depend on centers. In
the case of two dimensional conformal field theory, we can compute mutual information
for multiple intervals. The result also supports that the mutual information does not
depend on centers.
7.1 Free Massive Scalar Field Theory
When we compute the free massive scalar field theory, we can choose a boundary condition
and consider planar case to obtain equal weight of centers. We also find that the universal
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contributions of the boundary term should vanish and so it is easy to see that the mutual
information does not depend on a choice of centers.
This example is also interesting and motivates us to consider conformal field theories
because massless free scalar field theory is a special case of conformal field theories.
7.2 Two Dimensional Conformal Field Theory
We review necessary techniques of two dimensional conformal field theory in the Ap-
pendix A. Then we compute mutual information with centers by considering boundary
conditions. This computation can be extended to multiple intervals. Our results support
that the mutual information in a field theory does not depend on a choice of centers.
7.2.1 Mutual Information for Single Interval
In two dimensional conformal field theory, the entanglement entropy can be computed
by the replica trick. One way is to take the field on different sheets as different fields
(i.e., working in CFTn/Zn), and introduce twist operators. We then do the computation
(of n-point functions of twist operators) on the sphere. Here, we are more interested
in the other approach, in which one performs path integral in the covering space. The
conical singularity is usually taken care of by cutting off the tip of a two dimensional
cone and gluing back a disk e.g. [19]. This is essentially the smooth cone regularization
(see e.g. [20]). Alternately, one can impose a boundary condition on the little circle of
radius ǫ around the tip of a two dimensional cone, which creates a boundary state. The
boundary state for the smooth cone prescription follows from an insertion of the identity
operator. In principle, we can choose other boundary states, and hence the ambiguities
arise.
To see how the boundary conditions affect the entanglement entropy, let us consider
a single interval of length L [7]. In computing the Re´nyi entropy Sn using the replica
trick, the two conical singularities (end points of the interval at z1, z2) are removed and,
some boundary conditions a
(n)
1,2 are imposed on the little circle of radius ǫ. A conformal
mapping of the form of
w = log
z − z1
z − z2 , (117)
gives a cylinder of circumference 2π and length ℓ = log
(
L
ǫ
)2
. The partition function then
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Figure 1: The path integral representation for the reduced density matrix ρA under
conformal transformations. In two dimensions, the entangling surface consists of two
points, which become two tiny circles after imposing the cutoff. We can then specify
different boundary conditions a1, a2 on the boundary circles.
reads
Zn = 〈a(n)1 | exp
(
ℓ
n
(
c + c˜
24
− L0 − L˜0)
)
|a(n)2 〉 , (118)
where |a(n)1,2 〉 are the boundary states from the cutoff circle. We can insert a complete set
of states as intermediate states,
Zn = 〈a(n)1 |0〉 exp
(
ℓ
n
c
12
)
〈0|a(n)2 〉+ 〈a(n)1 |O〉 exp
(
ℓ
n
(
c
12
−∆O)
)
〈O|a(n)2 〉+ · · · . (119)
The Re´nyi entropy is computed using
Sn =
log Tr ρn
1− n =
logZn − n logZ1
1− n , (120)
has the following the expansion in terms of L/ǫ as
Sn = (1 +
1
n
)
c
6
(log
L
ǫ
) +
1
1− n(s(a
(n)
1 )− ns(a(1)1 ) + s∗(a(n)2 )− ns∗(a(1)2 ))
+
1
1− n
〈a(n)1 |O〉〈O|a(n)2 〉
〈a(n)1 |0〉〈0|a(n)2 〉
(
L
ǫ
)−2∆O/n
+ · · · , (121)
where s(a
(n)
1 ) = log〈0|a(n)1 〉 is the boundary entropy. The boundary entropy may not be
a real number so the Re´nyi entropy has a complex conjugate of the boundary entropy.
It is easy to see the leading term (1 + 1
n
) c
6
log L
ǫ
of the Re´nyi entropy agrees with our
familiar result. The rest depends on a choice of a
(n)
1,2 , and hence is ambiguous.
Thus, the explicit form the entanglement entropy can be obtained from the Re´nyi
entropy by taking n→ 1. A finite and real entanglement entropy depends on a choice of
quantum states. There must be some constraints in what states can be inserted as |a(1)1,2〉.
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In fact, we can see some features of the state |a(n)1,2 〉 by comparing a cylinder amplitude
with that on a sphere. According to a state-operator mapping, a vertex operator inserted
in the past or future infinity, that is z = 0 or z = ∞ can be considered as the initial
or final states. The inner product is just path integral with two insertions at the two
positions at 0,∞ as
〈〈i|j〉 = 〈A ′i(∞,∞)Aj(0, 0)〉S2. (122)
The prime operator is defined in the u-frame at the other pole (u = 1/z) and hence is
related to the unprimed by
A
′
i(z, z¯) = z
−2hi z¯−2h˜iA i(z, z¯) .
The dual state 〈〈i| is not the conjugate of |i〉 and they are different from a finite normal-
ization factor
〈〈i| = K〈i|, K = iCS2 , (123)
where CS2 is the vacuum partition function on the sphere. Now a conformal mapping to
cylinder gives a partition function that can be interpreted as
Z = 〈˜i| exp
[
ℓ
(
c+ c˜
24
− L0 − L˜0
)]
|j˜〉 , (124)
The factor exp
[
(c+c˜)ℓ
24
]
can be understood as rising from conformal anomaly. To make
the rest agree with the ground state of the sphere partition function, we need to take
|j˜〉 = exp(+ ℓ
2
L0 +
ℓ
2
L˜0)|j〉 ,
which is essentially the evolution of a state from τ = 0 (|z| = 1) to τ = − ℓ
2
. This
is consistent with the time evolution in radial quantization since the time revolution is
generated by e−(L0+L˜0)(τ2−τ1). Notice that the exponential factor blows up in the limit of
ℓ→∞. If we want to obtain a finite entanglement entropy, then it is necessary to have
a constraint on the boundary state.
In fact, the above case implies that the boundary condition is conformally invariant
(at least in the limit of ǫ → 0). To see what precisely this means, one can consider the
inner product between the state determined by some boundary conditions (specified by
some field configuration φǫ) and the reference state 〈〈Oi|. This can be expressed as the
partition function Zǫ on a sphere with Oi at u = 0 and a boundary condition at |z| = ǫ.
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Now we can move to a new boundary at ǫ′ = λǫ. To compare with the previous case, one
can perform a conformal transformation z′ = λ−1z and u′ = λu so that the transition
function remains invariant as z′u′ = 1. The insertion of primary operators Oi becomes
λ−hiλ¯−h˜iO′i in the new coordinate. Imposing the same boundary condition φǫ and the
total partition function Zλǫ, which is invariant under the conformal transformation as
Zλǫ = λ
−hiλ¯−h˜iZǫ, (125)
up to conformal anomaly. Switching back to the cylinder, each partition function can be
expressed as
Zλǫ = exp
[
(ℓ+ log λ)
(
c+ c˜
24
− hi − h˜i
)]
〈〈i|φλǫ〉, Zǫ = exp
[
ℓ
(
c + c˜
24
− hi − h˜i
)]
〈〈i|φǫ〉 .
This computation is done without doing the conformal transformation z′ = λ−1z and the
extra factor log λ in Zλǫ is due the difference in the boundary (propagation from log λǫ
to +∞ instead of from log ǫ). This extra factor is precisely what gives the difference in
(125) (there is another c-dependent factor which follows from conformal anomaly). As a
result, we can have
〈〈i|φλǫ〉 = 〈〈i|φǫ〉 ,
if the boundary configuration φλǫ (at |z| = λǫ) that defines the state |φλǫ〉 is obtained
from a conformal transformation of the configuration φǫ (at |z| = ǫ). In other words, the
boundary condition φǫ→0 follows from the dilation of some arbitrary boundary condition
at |z| = 1, which seems to be a quite natural way to impose a boundary condition.
However, the massless free scalar field theory is an example to know the existence of a
finite and real boundary entropy.
Ignoring all the issues and simply playing with their formula, we can get some in-
teresting results. For example, we can compute the mutual information of I(A′ : B′) =
S(A′) + S(B′) − S(A′ ∪ B′) with A′ : z < z1, B′ : z > z2. Computation of S(A′ ∪ B′)
is the same as computing the entanglement entropy in an interval between z1 and z2.
Then S(A′) and S(B′) can be obtained by sending L/ǫ→∞. In the limit of ǫ→ 0, the
only ambiguous contribution follows from the boundary entropy, which is local. More-
over, S(A′) and S(B′) should vanish if the vacuum at infinity (there is no boundary
essentially). Hence, we can see that the ambiguous terms are canceled, and the mutual
information is unambiguous as expected.
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7.2.2 Mutual Information for Multiple Intervals
The mutual Re´nyi information in a region A of N intervals
A =
N⋃
i=1
Ai = [z1, z2] ∪ [z3, z4] . . . ∪ [z2N−1, z2N ] . (126)
can be computed from a partition function for a higher genus surface M [19]. More
details can be found in the Appendix B.
Different boundary conditions are realized by replacing the identity (in the case of
smooth cone) by other states. The partition function for a higher genus surface is then
computed with an appropriate boundary condition. We put the boundary at |z| = ǫ of
some local coordinate systems, then consider the cutting over |z| = 1, and also insert a
complete set of operators (states) Oi which turns the partition function on M to∫
M
(. . .1)e
−S[φ][dφ]Ψ(φǫ) =
∑
ij
〈. . .1Oi〉MGij
∫
S2
Oje−S[φ][dφ]Ψ(φǫ) , (127)
where Ψ is a wave function determined by the boundary condition at |z| = ǫ. We can
further perform a mapping of w = log z to take the sphere into a long cylinder of length
− log ǫ2. Therefore, we get to the conclusion that only the contribution from Oj = 1
survives in the limit of ǫ→ 0 if we only consider a unique vacuum state, and hence the
difference due to replacing the boundary condition by an identity is just an extra term
that corresponds to the boundary entropy. This surgery procedure can be performed
locally for all the end points zi of intervals. As a result, the Re´nyi entropy Sn[A; {a(n)i }]
in the region A that consists of multiple intervals gives
Sn[A; {a(n)i }] = Sn[A; {1}]+
N∑
i=1
1
1− n
(
s(a
(n)
2i−1)−ns(a(1)2i−1)+s∗(a(n)2i )−ns∗(a(1)2i )
)
+O(ǫ),
(128)
which is the generalization of (121) to multi-interval. The notation {a(n)i } denotes the
boundary conditions at various points zi, and {1} means inserting identity everywhere.
The extra contribution due to boundary condition is given by
s(a
(n)
i ) = log〈0|a(n)i 〉.
Now we can replace each term in the mutual Re´nyi information
In(A
′ : B′) = Sn(A
′) + Sn(B
′)− Sn(A′ ∪ B′)
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by (128) and get
In[A
′ : B′; {a(n)i }] = Sn[A′; {1}] + Sn[B′; {1}]− Sn[A′ ∪ B′; {1}] +O(ǫ) (129)
with A′i : z < z2i−1 and B
′
i : z > z2i since all the local terms s(a
(n)
i ) cancel each other.
As discussed in the previous section, it remains unclear what kind of states |a(n)〉
gives us a finite and real boundary entropy, but the point is that as long as it exists, we
can prove that the mutual information is independent of a choice of centers.
8 Conclusion
We analyze the entanglement with centers in various ways. We first analyze the decom-
positions of a Hilbert space in topological field theories and first-order formulation. These
theories deserve a detailed mathematical analysis for the decompositions. In our analy-
sis, the conclusion supports that in these theories one cannot obtain non-tensor product
decompositions or non-trivial centers by removing operators. The possible reason is that
removing non-dynamical fields does not lead to a different decomposition. In the case
of the first-order formulation, this is possibly due to the special quantization algebra.
Our results also support that the constraints do not always give non-trivial centers after
removing operators as both the topological field theories and the first-order formulation
have constraints in quantization. Particularly, three dimensional Chern-Simons gauge
theory also has gauge symmetry. Hence, our analysis should provide clear understanding
on the relation between constraints and non-trivial centers.
We develop methods to consider entanglement with centers on a lattice. The non-
trivial aspect is to consider gauge symmetry in finite lattice spacing and hence entangle-
ment with centers. This motivates a lattice Monte-Carlo simulation on the interacting
theories with centers. The existence of decompositions only requires certain properties of
the quantization algebra and constraints, but is independent of the equations of motion.
To see the strength of entanglement, we still need numerical simulation, especially for
interacting theories. We also provide a simple reason to relate boundary conditions to the
extended lattice model. From this simple reason, it is not hard to construct a magnetic
choice of the entanglement entropy in the extended lattice model.
We also extensively study the entanglement entropy in free theories. Our computation
supports that only in gauge theories the universal terms receive contribution from the
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boundary entanglement entropy. This possibly points out that the presence of the contact
term is due to gauge symmetry. Hence, our computation gives some motivations to
further investigate the contact terms in gauge theories. We also compare two different
computation methods. The first one is to regularize the zero modes of eigenfunctions
in heat kernel without imposing boundary condition and the second one is to consider
classical boundary effects. Two methods should be equivalent, except for the different
regularization methods in field theories. The universal terms of the entanglement entropy
in the p-form free theories in 2p + 2 dimensions are also expressed in terms of those of
the massless free scalar field theories. We can obtain universal terms consistent with the
anomaly coefficients. We expect that this result should give us better understanding to
holography, and help us to learn more about higher dimensional conformal field theories.
For the p-form free theory in p + 1 dimensions, we should not have any universal terms
because we do not have dynamical degrees of freedom. From the results of the p-form
free theory in p + 1 dimensions, the universal terms of the p-from free theory in p + 2
dimensions is equivalent to that of the 0-form free theory in p + 1-dimensions. In free
theories, the entanglement entropy is the sum of the classical Shannon entropy and the
bulk entanglement entropy. Thus, this has some special properties that allow us prove
the strong subadditivity generically. This result can possibly be extended to other cases
like two dimensional conformal field theory, in which we also find that the entanglement
entropy has the same form as in free theory. Thus, it would be interesting to understand
whether conformal field or holographic gravity theories satisfy the strong subadditivity.
We leave this interesting question to future study.
Finally, we compute the mutual information with centers. This computation sheds
light on understanding whether the mutual information depends on a choice of centers.
Since the mutual information is in general hard to compute, we only consider massive
free scalar field and two dimensional conformal field theories. In the former case, we
consider disjoint regions and a tensor product decomposition. We then remove operators
in an entangling surface for each region. Our computation of two dimensional conformal
field theory is for the mutual information of single interval and multiple intervals. The
results support that the mutual information does not depend on centers.
It is most interesting to consider the universal terms of the entanglement entropy,
which do not depend on regulators. There are many interesting questions for the universal
terms in field theories that have not been studied. The first one is whether or not the
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universal terms depend on the centers in the strong coupling limit. Since the holographic
results imply that for conformal field theory dual to gravity theory, the universal terms
should follow from minimal surface of bulk gravity theory and hence do not depend on
the centers in the strong coupling limit.
The entanglement entropy in the infinitely strong coupling limit in the lattice SU(N)
Yang-Mills gauge theory is zero from the strong coupling expansion. This result is inter-
esting and we may ask whether in general the entanglement in a local lattice theory (of
finite lattice spacing) at infinitely strong coupling constant vanishes. For such a theory,
infinitely strong coupling constant implies that all terms on different sites decouple and
hence the entanglement entropy should vanish. If this conjecture is correct, we need
to consider topological field theory because the non-topological part of entanglement
entropy vanishes.
It would also be interesting to study the affect of centers for the universal terms in
conformal field theory. Because conformal field theory allows us to relate black hole en-
tropy and entanglement entropy via a conformal mapping, we can compute the partition
function on a sphere to obtain universal terms of the entanglement entropy. The compu-
tation of the partition function on a sphere in conformal field theories does not consider
boundary conditions so we expect that the universal terms of the entanglement entropy
in conformal field theories are insensitive to a choice of centers.
There are still not enough principles to construct quantum gravity. Nevertheless it
would be interesting to know what properties or symmetries in quantum gravity allow us
to understand unambiguously from entanglement. We believe that these can be studied
from practical computation and our paper could be a starting point to understand the
entanglement for more difficult field theories.
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A Basics of Two Dimensional Conformal Fields
We first introduce Wald identities in field theories, and assume that the invariance of the
product of the measure and weight as
Dφ e−S(φ) = Dφ′ e−S(φ
′), (130)
which come from
φ′ = φ+ δφ. (131)
Then we consider a different variation as
φ′′ = φ+ ρδφ, (132)
under which the combination is not invariant
Dφ′′ e−S(φ
′′) ≈ Dφ e−S(φ)
(
1 +
iǫ
2π
∫
jµ∂µρ
)
. (133)
Because measure times weight is invariant if ρ is constant, the variation of the product
and weight must be proportional to ∂µρ. Now we choose the function ρ to be non-zero
in a small region, and consider a general insertion outside the region. We assume that
the insertion is invariant for a general ρ. Then we get
0 =
∫
Dφ′′ e−S(φ
′′) −
∫
Dφ e−S(φ) ≈ ǫ
2πi
∫
ρ∇µjµ, (134)
where we used partial integration by part in the equality. Therefore, we have
∇µjµ = 0. (135)
To obtain the Wald identity, we let ρ be 1 in a region R and 0 outside. We also include a
general local operation A at a point σ0 inside R, and other arbitrary insertions outside
the region. Thus, we get
δA (σ0) = − ǫ
2πi
∫
R
∇µjµA (σ0). (136)
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In other words, we obtain
∇µjµA (σ0) = det(gνρ)− 12 δ(σ − σ0)2π
iǫ
δA (σ0) + total derivative, (137)
which also gives ∫
∂R
nµj
µ =
2π
iǫ
δA (σ0), (138)
where nµ is the outward normal direction. The divergence theorem is∫
d2z
(
∂zv
z + ∂z¯v
z¯
)
= i
∮
∂R
(
vzdz¯ − vz¯dz
)
, (139)
where our notations are
z = σ1 + iσ2, z¯ = σ1 − iσ2, ∂z = 1
2
(∂1 − i∂2), ∂z¯ = 1
2
(∂1 + i∂2), (140)
vz = v1 + iv2, vz¯ = v1 − iv2, vz = 1
2
(v1 − iv2), vz¯ = 1
2
(v1 + iv2), (141)
gzz¯ =
1
2
, gzz = gz¯z¯ = 0, g
zz¯ = 2, gzz = gz¯z¯ = 0, (142)
d2z = | det gµν |− 12dσ1dσ2 = 2dσ1dσ2 = 2d2σ, δ(z, z¯) ≡ 1
2
δ(σ1, σ2),
∫
d2z δ(z, z¯) = 1.
(143)
By the divergence theorem, we obtain∮
∂R
(
jzdz − jz¯dz¯
)
A (z0, z¯0) =
2π
ǫ
δA (z0, z¯0). (144)
Thus, we get
Resz→z0 jz(z)A (z0, z¯0) + Resz¯→z¯0 jz¯(z¯)A (z0, z¯0) =
1
iǫ
δA (z0, z¯0), (145)
where Res and Res are coefficients of (z − z0)−1 and (z¯ − z¯0)−1.
Th energy momentum tensor is defined by
T µν ≡ −4π(det gµν)− 12 δS
δgρσ
. (146)
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Then we use symmetry to determine the properties of the energy momentum tensor. We
first use a scale transformation, which is the special case of conformal transformation
δgµν = ǫgµν . (147)
Thus, we have
δS =
∫
d2σ
∂S
∂gµν
δgµν = − 1
4π
∫
T µµ. (148)
If we have scale invariance, the energy momentum tensor is traceless as
T µµ = 0. (149)
Then we consider diffeomorphism as
δgµν = ∇µǫν +∇νǫµ. (150)
Therefore, the energy momentum can be determined by
δS =
∫
d2σ
∂S
∂gµν
δgµν = − 1
2π
∫
d2σ T µν∇µǫν = 1
2π
∫
d2σ ∇µT µνǫν , (151)
where we used integration by part in the last equality. Hence, we obtain a conservation
law as
∇µT µν = 0. (152)
Then we obtain
Tzz¯ = 0 (153)
from T µµ = 0 and
∂z¯Tzz = ∂zTz¯z¯ = 0 (154)
from ∂µTµν = 0. Now we use the Wald identity to discuss massless free scalar field theory
S =
1
2π
∫
d2z ∂zX
A∂z¯XA. (155)
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Thus, we have
Tzz = −∂zXA∂zXA, Tz¯z¯ = −∂z¯XA∂z¯XA. (156)
We let Tzz and Tz¯z¯ to act on a general operator A , but it possibly has a negative power
of z in the singular terms. Hence, we use the Laurent expansion to write it as
TzzA (0, 0) ∼
∞∑
n=0
1
zn+1
A
(n)(0, 0), (157)
and Tz¯z¯ also has a similar expression. Now we consider worldsheet translation δσ
µ = ǫvµ
and δXA = ǫvµ∂µX
A, then the Noether current is
jµ = iv
νTµν . (158)
Thus, the transformation of A is
δA (z, z¯) = −ǫ
∞∑
n=0
1
n!
(
∂nz v(z)A
(n)(z, z¯) + ∂nz¯ v(z)
∗
A˜
(n)(z, z¯)
)
. (159)
Now we want to obtain δTµν . We compute normal ordering of Tzz(z)Tzz(0). Let us
introduce the techniques of normal ordering as
0 =
∫
DX
δ
δXA
(
exp(−S)XB
)
=
∫
DX exp(−S)
(
ηABδ(z − z′, z¯ − z¯′) + 1
π
∂z∂z¯X
A(z, z¯)XB(z′, z¯′)
)
= ηµν < δ(z − z′, z¯ − z¯′) > +1
π
∂z∂z¯ < X
A(z, z¯)XB(z′, z¯′) > . (160)
Because we can insert all other arbitrary operators, except for these operators are at
(z, z¯) or (z′, z¯′), we obtain
1
π
∂z∂z¯X
A(z, z¯)XB(z′, z¯′) = −ηABδ(z − z′, z¯ − z¯′). (161)
Normal ordered operators are defined as
: XA(z, z¯) := XA(z, z¯), : XA(z1, z¯1)X
B(z2, z¯2) := X
A(z1, z¯1)X
B(z2, z¯2) +
1
2
ηAB ln |z1 − z2|2,
(162)
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where we used
∂z∂z¯ ln |z|2 = 2πδ(z, z¯) (163)
in the second equality. The definition of normal ordering operators for arbitrary numbers
of fields is given by
: XA1(z1, z¯1)X
A2(z2, z¯2) · · ·XAn(zn, z¯n) := XA1(z1, z¯1)XA2(z2, z¯2) · · ·XAn(zn, z¯n) +
∑
subtractions.
(164)
For example, in the case of n = 3, we can obtain
: XA1(z1, z¯1)X
µ2(z2, z¯2)X
µ3(z3, z¯3) : = X
A1(z1, z¯1)X
µ2(z2, z¯2)X
µ3(z3, z¯3)
+
(
1
2
ηA1A2 ln |z1 − z2|2XA3(z3, z¯3) + 2 permutations
)
.
(165)
Th definition can be rewritten as
: F := exp
(∫
d2z1d
2z2 ln |z1 − z2|2 δ
δXA(z1, z¯1)
δ
δXA(z2, z¯2)
)
A . (166)
We also have a useful formula for
: F :: G := exp
(
− 1
2
∫
d2z1d
2z2 ln |z1 − z2|2 δ
δXAF
δ
δXGA(z2, z¯2)
)
: FG : . (167)
Thus, we obtain
: ∂zX
A(z)∂zXA(z) :: ∂
′
zX
B(z′)∂′zXB(z
′) :
= : ∂zX
A(z)∂zXA(z)∂
′
zX
B(z′)∂′zXB(z
′) : −4 · 1
2
(
∂z∂
′
z
(
ln |z − z′|2)
)
: ∂zX
A(z)∂′zXA(z
′) :
+2ηAA
(
− 1
2
∂z∂
′
z
(
ln |z − z′|2)
)2
∼ D
2(z − z′)4 −
2
(z − z′)2 : ∂
′
zX
A(z′)∂′zXA(z
′) : − 2
z − z′ : ∂
′2
z X
A(z′)∂′zXA(z
′) :
=
D
2(z − z′)4 +
2
(z − z′)2T (z
′) +
1
z − z′∂zT (z
′). (168)
Then we use the result to obtain the variation of T (z) as
ǫ−1δT (z) = −D
12
∂3zv(z)− 2∂zv(z)T (z)− v(z)∂zT (z). (169)
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This result can be extended to a general conformal field theory as
ǫ−1δT (z) = − c
12
∂3zv(z)− 2∂zv(z)T (z)− v(z)∂zT (z), (170)
where c is the central charge. We also have the finite transformation as
Tww(w) =
(
∂zw
∂zz
)−2(
Tzz − c
12
S(w, z)
)
, (171)
where
S(w, z) ≡ ∂
3
zw
∂zz3
(
∂zw
∂zz
)−1
− 3
2
(
∂2zw
∂zz2
)2(
∂zw
∂zz
)−2
. (172)
The finite transformation can be checked from w = z + ǫv up to first order in ǫ as
Tww(w) ≈ Tww(z) + ǫv∂zTzz(z), (173)
∂zw
∂zz
≈ 1 + ǫ∂zv
∂zz
,
∂3zw
∂zz3
≈ 1 + ǫ ∂
3
zv
∂zz3
,
(
∂zw
∂zz
)−1
≈ 1− ǫ∂zv
∂zz
,
(
∂zw
∂zz
)−2
≈ 1− 2ǫ∂zv
∂zz
,
(174)
S(w, z) ≈ ǫ ∂
3
zv
∂zz3
. (175)
Then the finite transformation can be recovered from the infinitesimal transformation.
The finite transformation can also be shown directly. We use t to parameterize the finite
conformal transformation and hence a point at z is transformed to w(z, t)
(
w(z, τ) =
z(ω, t− τ)). Now (170) can be written as a differential equation
∂
∂t
T (z, t) = − c
12
∂3zv(z)− 2∂zv(z)T (z, t)− v(z)∂zT (z, t). (176)
Notice that v(z) is the tangent vector of the “flow lines” formed by the trajectory of the
point w(z, t) i.e., v(z) = ∂tw(z, t)
∣∣∣
t=0
. The last two terms in (176) can be moved to the
right and written as a total derivative as
d
dt
T
(
w(z, t), t
)
+ 2v−1
(
w(z, t)
)∂2w(z, t)
∂t2
T
(
w(z, t), t
)
= v−2
(
w(z, t)
) ∂
∂t
[(
∂w(z, t)
∂t
)2
T
(
w(z, t), t
)]
= − c
12
∂3wv
(
w(z, t)
)
. (177)
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This equation is true along a certain flow line starting from z. Without the source term
− c
12
∂3zv(z), we have a conserved quantity as
(
∂w(z, t)
∂t
)2
T
(
w(z, t)
)
=
(
∂w(z, 0)
∂t
)2
T (z) , (178)
Since (177) is true for every flow line, we can get the field equation as
(
∂w(z, t)
∂t
)2 ∣∣∣
z
T [w(z, t)] =
(
∂z(w, t)
∂t
)2 ∣∣∣
w
T (z)⇒ T (w) =
(
∂z
∂w
)2
T (z) , (179)
which is the usual transformation rule for a tensor.
Now let us move on to the source term, which can be written as
∂wv = v
−1∂2tw, ∂
2
wv = v
−2∂3tw − v−3∂3tw, ∂3wv = 3v−5∂3tw + v−3∂4tw − 4v−4∂3tw∂2tw,
v
(
w(z, t)
)2
∂3wv[w(z, t)] =
3
(
∂2tw(z, t)
)3
+ ∂4tw(z, t)
(
∂tw(z, t)
)2 − 4∂3tw(z, t)∂tw(z, t)∂2tw(z, t)(
∂tw(z, t)
)3
=
d
dt
[
∂3tw(z, t)
∂tw(z, t)
− 3
2
(
∂2tw
∂tw
)2]
≡ d
dt
{w(z, t), t}. (180)
We integrate along the flow line, then we get
(
∂w(z, t)
∂t
)2 ∣∣∣
z
T [w(z, t)] =
(
∂z(w, t)
∂t
)2 ∣∣∣
w
T (z)− c
12
({w(z, t), t} − {w(z, τ), τ}) .
(181)
To show the chain rule of the Schwarzian derivative, we redefine w(z, t) ≡ w˜(z(w, t−τ)).
The proof is shown as below
∂tw˜ = ∂tz∂zw˜, ∂
2
t w˜ = ∂
2
z w˜(∂tz)
2 + ∂zw∂
2
t z, ∂
3
t w˜ = ∂
3
z w˜(∂tz)
3 + 3∂2z w˜∂
2
t z∂tz + ∂zw˜∂
3
t z,
∂3t w˜
∂tw˜
= (∂tz)
2∂
3
z w˜
∂zw˜
+
∂3t z
∂tz
+ 3∂2t z
∂2z w˜
∂zw˜
,
−3
2
(
∂2t w˜
∂tw˜
)2
= −3
2
(
∂2t z
∂tz
+ ∂tz
∂2z w˜
∂zw˜
)2
= −3
2
[
(∂2t z)
2
(∂tz)2
+ 2∂2t z
∂2z w˜
∂zw˜
+ (∂tz)
2
(
∂2z w˜
∂zw˜
)2]
,
{w(z, t), t} = (∂tz)2{w˜(z), z} + {w(z, τ), τ}. (182)
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Then we can simplify the last term in (177) as
(
∂w(z, t)
∂t
)2 ∣∣∣
z
(
w(z, t)
)
=
(
∂z(w, t)
∂t
)2 ∣∣∣
w
T (z)− c
12
(
∂z(w, t)
∂t
)2 ∣∣∣
w
{w˜(z), z} . (183)
Finally we obtain the desired transformation rule
Tw˜w˜(w˜) =
(
∂z
∂w˜
)2(
Tzz(z)− c
12
{w˜(z), z} ). (184)
Now we choose w = σ1 + iσ2 and z = exp(−iw). Then we obtain
Tww(w) = −z2Tzz(z) + c
24
. (185)
We use a Laurent transformation in the energy momentum tensor as
Tzz(z) =
∞∑
m=−∞
Lm
zm+2
, T˜z¯z¯(z) =
∞∑
m=−∞
L˜m
z¯m+2
(186)
Thus, we have
Tww(w) = −
∞∑
m=−∞
exp(imσ1 −mσ2)Tm, Tw¯w¯(w¯) = −
∞∑
m=−∞
exp(−imσ1 −mσ2)T˜m,
(187)
where
Tm = Lm − δm,0 c
24
, T˜m = L˜m − δm,0 c˜
24
. (188)
Thus, the Hamiltonian is
HCFT =
∫ 2π
0
dσ1
2π
T22 = −
∫ 2π
0
dσ1
2π
(Tww + Tw¯w¯) = L0 + L˜0 − c+ c˜
24
. (189)
B Re´nyi entropy of multiple intervals
We introduce the computation of Re´nyi entropy of N disjoint intervals [19] in this section.
The main idea is that the Re´nyi entropy Sn (120) can be obtained from a partition
function on a Riemann surface (one-dimensional, connected complex manifold) of genus
g = (N − 1)(n − 1). All compact Riemann surface are homeomorphic to a sphere with
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g > 0 handles, and the number g is called the genus of the Riemann surface. For each
Riemann surface, we can define the Euler characteristic by
χ ≡ V − E + F, (190)
where V ,E and F are numbers of vertices, edges and faces of a triangulation, which
is a number of closed sets Ti in a compact surface, and homeomorphism φi of Ti to R
2
such that φi(Ti) is a closed triangle in R
2. For i 6= j, the triangles φi(Ti) and φj(Tj)
must either be disjoint, have single vertex in common or share one edge. For a Riemann
surface X , we can find a meromorphic function f on the Riemann surface, which means
that f is holomorphic on X \ S, where S ⊂ X is a discrete subset of X , and f has poles
at every point x ∈ S. Then we can construct a triangulation Ti such that images of the
ramification points (This is defined from existence of a holomorphic function ψ(z) in a
neighborhood of z0 such that f(z) = ψ(z)(z − z0)k for some positive integer k > 1) in
X under f are at vertices of the triangulation, and each component of f−1 on interior
of Ti is injective. We can also use other simple ways to describe the triangulation. A
triangulation of a surface is a network in the surface, and all of faces in the surface are
triangular, which imply that they are bounded by three edges. A simplest example of
the triangulation on S2 is constructed by drawing an equator and n lines of longitude.
Then we can have 2n triangular faces, 3n edges and n+ 2 vertices (n vertices are in the
equator, one vertex is in the north pole, and one vertex is in the south pole). Thus, we
obtain
χ = 2n− 3n + (n+ 2) = 2. (191)
It is easy to extend to the cases with more handles and understand χ = 2 − 2g in the
Riemann surface.
From the triangulation of a Riemann surface, it is easy to find a relation between
two Riemann surfaces from ei, the indices of ramification of xi, which are defined by∑k
i=1 ei = n if the degree of a covering map h : X → Y (A surjective open map, and the
map is locally homeomorphism, which mean that each point in the Riemann surface X
has a neighborhood that is the same after mapping h in the Riemann surface Y .) equals
n, and h−1(y) = x ≡ {x1, x2 · · ·xk}, where y ∈ Y and x ∈ X .
Now we triangulate the Riemann surface Y in such way that all ramification points
are among the vertices of the triangulation. Then VX = nVY −
∑k
i=1(ei − 1), EX = nEY
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and FX = nFY , where VX , EX and FX are numbers of vertices, edges and faces in the
triangulation of the Riemann surface X , and VY , EY and FY are numbers of vertices ,
edges and faces in the triangulation of the Riemann surface Y . Thus, we obtain
2− 2g(X) = n(2− 2g(Y ))−
k∑
i=1
(ei − 1). (192)
The subsystem A consists of N disjoint intervals, which can be parameterized by their
end points zi on the real axis of the complex z-plane
A = [z1, z2] ∪ [z3, z4] . . . ∪ [z2N−1, z2N ] . (193)
The reduced density matrix ρA can be expressed in terms of a path integral with the
matrix element specified by the field configuration on the top and bottom of the cuts
along the intervals. Following the replica trick we can express the n-th power TrρnA as
the partition function on n-covering space obtained by gluing n sheets of a Riemann
manifold along the region A. The resulting singular surface is defined by the following
algebraic curve (see e.g. [21] and references therein)
M : yn =
∏
i=1...N
(z − z2i−1)
(z − z2i) . (194)
The genus of this algebraic surface is determined as
2g(M)− 2 = −2n +
2N∑
i=1
(ei − 1) = −2n + 2N(n− 1)⇒ g(M) = (N − 1)(n− 1), (195)
where ei is the ramification index for each point zi, and each ei = n because locally
yn ∼ z − zi. Thus, we show that computing entanglement entropy for multiple intervals
in two dimensional conformal field theory can be obtained from computing a partition
function on a Riemann surface with genus g = (N − 1)(n− 1).
To compute the partition function, the metric
ds2 = dzdz¯ , (196)
is chosen since the conformal field theory is defined in a two dimensional Euclidean flat
space. One can regularize the conical singularities of the metric at the branched points
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zi on the covering space M by cutting off the tip of the cone (|z − zi| < ǫ) and gluing
back a small disk with a different metric
ds2 = dzdz¯
(|z − zi|2/ǫ2) 1n−1 ∝ dtdt¯ǫ2− 2n , |z − zi| < ǫ . (197)
This is equivalent to inserting a unit operator at z = zi, which determines the boundary
condition on |z− zi| = ǫ. As discussed in the main text, it is possible to impose different
boundary conditions.
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